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The aim of this paper is to prove the following 
Theorem 1. If C,(X) . 1 1s inearly homeomorphic to C,(Y), and one of the spaces X 
and Y is Lindeliif; then the other is Lindeliif too. 
Thus, a problem of A.V. Arhangel’skii (see, for example, [ 11) is solved. Note that 
problems of this kind go back to the question of S. Banach about the existence of a 
linear homeomorphism between the spaces of continuous functions on the closed unit 
interval I and on the square I*. 
We start from introducing some terminology. If the spaces C,(X) and C,(X) are 
linearly homeomorphic, then we say that X and Y are E-equivalent. The topological 
properties preserved by the relation of l-equivalence are called Z-invariant. In these terms 
Theorem 1 can be formulated shorter. 
Theorem 1’. The Lindeliifproperty is l-invariant. 
All spaces considered below are assumed to be completely regular. We use the fol- 
lowing notation. w is the first infinite cardinal, and wf = w \ (0). We do not distinguish 
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between a function f E C(X) and its continuous extension over vX, the Hewitt real- 
compactification of X. R is the set of all real numbers, p(X) is the family of all subsets 
of a set X, 1x1 is the cardinality of X, [A] is the closure of A, and (A) is the interior 
of A. 
Concepts and facts related to the theory of linear topological spaces are standard; we 
use the term “linear space” rather than “vector space”. 
We begin the proof with recalling some known facts (see, e.g., [l]). 
Lp(X) is the dual linear topological space of C,(X), equipped with the (&(X), 
C,(X))-topology; it is known that Lp(X) is the linear space spanned by a topological 
copy of X (which we identify with X) and carrying the projective topology with respect 
to the family of all linear forms cp E Lp(X) + whose restrictions to X are continuous. 
Thus, every function f E C(X) has a unique linear continuous extension f” to J&(X). 
We call a subset 2 of Lp(X) an l-basis if it is a Hamel basis of&(X), and for every 
function f E C(Z), its linear extension f to J&(X) is continuous; in particular, a linear 
form cp E &(X)+ is continuous iff cplz E C(Z). 
If Y is an Z-basis of &(X), then each point z E Lp(X) has a unique representation 
2 = C{z$(z): i < p(z)}, where zi E IR \ (0) and yi(z) E Y, i = 1,. . . ,p(z). We 
call the number p(z) the Y-level of 2 (or simply the level of II: if an Z-basis is fixed). 
The number p(S) = min{p(z): II: E S} is called the Y-level of a set S C J&(X). 
Putting b(z) = {yi(z): i < p(z)}, we obtain a multi-valued mapping b : Lp(X) + Y. 
It generates the mappings bi : Q(Y) --) p(L,(X)), i E (w + l)+, defined by the rules: 
hi(V) = {z E LP(X): lb(z) n V( 3 i}, i E w+, and 
b,(V) = {Liz E &(X): b(s) c v}. 
We have Lp(X) = U{&i(X): i E w+}, where Lp,i(X) = {z: p(z) < i}. Clearly, 
the sequence {&i(X): i E w+} increases. It follows that X = U{Xi: i E w+} where 
Xi = Lp,i(X) n X; obviously, Xi C Xi + 1, i E w+. 
Proposition 1. For every i E w+ and an open set V in Y, the set hi(V) is open in X. 
Indeed, let V be open in Y and 2 E hi(V). Put bv(x) = b(z) n V. Then m = 
]bv(z) / 3 i. Choose disjoint neighborhoods { Vj: j < m} of the points yj E bv (z) so 
that Vj G V. Find functions fj E C(Y), j = 1,. . . , m, so that fj(yj) = 1 and fj = 0 
outside of Vj. Put U(z) = {z’ E L(X): f-,.(x’) # 0 for all j < m}. Then U(z) is a 
neighborhood of z in &(X), and if 5’ E U(z), then from fj(z’) # 0 follows .fj(yi) # 0 
for some yi E b(z’) n l$. Hence {y/I, . . , yk} C bv(z’). 
From Proposition 1 immediately follow the next statements. 
Proposition 2. The mapping b is lower semicontinuous; hence, Y is a (multi-valued) 
retract of LP(X). 
Proposition 3. For every i E w, LP,i(X) is closed in L,(X); in particulal; Xi is closed 
in X. 
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Indeed, suppose 2 $ J&(X) and V is a neighborhood of the set b(z) in Y. Since 
p(x) > i, we havez E bi+l(V). Then bi+l(V)Cl&,,(X) = 8; by Proposition 1, bi+l(V) 
is a neighborhood of x. 
We also obtain the following interesting corollary. 
Proposition 4. b,(V) n (&(X) \ L,,i-I (X)) = h(V) n .&i(X). 
In particular, b,(V) can be represented as the disjoint sum of the family {hi(V) n 
&(X): i E w+}, and if V is open in Y, then b,(V) n (&i(X) \&--1(X)) is open 
in &i(X). 
Indeed, from z E b,(V) n (&i(X) \ &--1(X)) obviously follows z E b(V). 
If 5 E hi(V) n I&~(X), then p(x) = z an x E b,(V). For any i > k we have d 
hi(V) n_&(X) = 0. It follows that the family {hi(V) n &i(X): i E w+} is disjoint. 
Let us now define some special constructions. 
The proof is based on a certain type of countable ramification process. 
Let V be a functionally open set in Y. A superstructure over V is a family ‘Yl = n(V) 
consisting of the following elements: 
(A) a sequence {V(n): n E w+} of functionally open sets such that [V(n)] C V(n+l) 
and V = U{V(n): n E w+}; 
(B) a double sequence of functions {f$,, = f,“: n E w+, (Y E (0, 1)) in C(Y) such 
that for every rz E W+ the following conditions are satisfied: 
(Bl) f,” = 1 on V(n), 0 E (0, 1); 
(B2) fz = 0 outside of V(n + I), f; = -n outside of V; 
(B3) fz E C(Y, [O, 11) and f: E C(Y, [-n, 11); 
(C) a double sequence of neighborhoods {U:(x): n E LL’+, (Y E (0, 1)) of each point 
x E b,(V); where U:(z) = {z’ E &(X): If:+,(x) - fE+,(z’)I < n-l}; here 
m = m(z) is the first natural number such that b(z) C V(m); 
(D) the sequence of neighborhoods {IV(n, V) = U{Un(z): x E b,(V)}} of the sets 
b,(V) where Un(x) = n{U,pl(x): i < n, a E (0, l}}. 
The result of a superstructure is the set V” = V”(91) = n{W$, V): n E u+}. 
Clearly, it is possible to produce a superstructure over any functionally open set. 
For x = C~~yi(x) E &(X) and T C Y put TT(Z) = C{xi: yi(x) E T}. Call the 
point x 
V-internal if b(z) 2 V; 
V-specific if ry\v(z) = 0; 
V-usual if ry\v(z) # 0. 
By O(V) denote the set of all V-usual points, and by XV the point C{xiyi(x): yi(x) E 
bv(x)). 
Note the following elementary relationships. 
Proposition 5. Zfbv(z) C V(k), th en oral1 n > k we have f:(x) = fz(zv) = fh(xv). f 
In addition, if the point II: is V-specz$c, then f:(x) = f;(x) = iA( 
The following statement is a key one. 
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Proposition 6. O(V) 2 15, (X) \ T/O. 
Proof. Let z E O(V). Then ry\v(z) = (u, # 0. There exists a number U(Z) such that 
k(z) C V(v(z)). Ch oose a number n 3 U(Z) so that (no,1 > 2n-‘. Let us verify that 
5 $ W(n,V>. Consider an arbitrary U,(z’), where z’ E b,(V). If z E Ut(a?), then 
I.E(zjj+n(a+) - $&,j,+n(~)l < n -l. Taking into account Proposition 5, we have 
f -Jr+,+&) = E&)+J~V) + ~~(z’)+?&Y,v) 
= -&‘)+&) + k(z~)+rr(QJ,v). f 
Note *at .k~z~)+n(~‘) = &zlj+n(~‘) and I.&,,~+,(w~v)~ = I(m(z’) + n)cx.,[ > 
272-l. Then 
Thus, V” consists only of V-specific points and contains all V-internal points. 
Let us proceed with the definition of the ramification process. 
Assign to each family y of subsets of Y the family yi = hi(y) = {hi(V): V E y} 
of subsets of &(X), i E (w + l)+, and to each subfamily 7: C yi the subfamily 
‘y& = {V E y: hi(V) E 7;). 
It is convenient to use the following notion.The V-defect of a point 2 E &(X) is 
the number av(z) = Iby\V(~)j. Obviously, av(z) = 0 if and only if the point z is 
V-internal, and if &J(S) = 1, then the point 2 is V-usual. 
If C,(X) is linearly homeomorphic to C,(Y), then Y is embedded in &(X) as a 
topological I-basis. Assume that X is Lindelof. 
Let y be an open cover of Y. We assume without loss of generality that all elements 
of y are functionally open sets and that y is closed with respect to finite unions. 
Since y’ is an open cover of X (see Proposition l), it contains a countable subcover 
7: of the space X. Put VI = U 711; clearly, the set VI is functionally open in Y. Produce 
a superstructure !Yl over VI and put Fi = X \ V’(S). Since Xi G b, (VI), we have 
4 CX\X,. 
We continue the construction by induction. 
Let {@i} be a sequence of sets. Put fi = {l,...,n- 1). For each A G n+l we 
define the set 
@;= (n{&: i~n+l\A})\(U{@~: &A}) 
A set @i is called simple if A & fi. Consider the natural order on A = {i < . . . < k} 
and put a(A) = k - i. 
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Construct an increasing sequence {Vn: n E w+} of functionally open sets in Y and a 
sequence {F,: n E w+} of F,-sets with the following properties: 
(a) P(&) b 3 for n 3 2, 
(p) if the set F,” is simple, then p(Fh) 3 K:, where 
{ 
n+2- IAl if a(A) < IAl, 
K/ = n + 3 - IA( if a(A) 3 IAI, 
n+l if A = 0. 
(y) V, is covered by a countable subfamily of y, and 
(61 F, = X \ V,“, where V,” is the result of some superstructure over V,. 
Suppose that for some n E w+ the sequences {VI,. . , I/n} and {FI, . . . , Fn} are 
already constructed so that the conditions (a)-(@ are satisfied. 
We need the following auxiliary statement. 
Proposition 7. Every simple set F,” is contained in the F,-set 
F;ITi,A=n{Fi: i~n+l\A} 
of the level at least Kt. 
The inclusion F,” C_ F;;TT,~ is obvious. Let z E Fq,A. Put 
A’ = {i E A: x q! Fi}. 
Then x E F:‘, and the level of zr is not less than either n + 2 - IA’\ (if A’ # 0) or 
n + 1 (if A’ = 0). If 0 # IA’1 < IAl, then p(z) 3 n + 3 - (Al 2 K,” (see (p)). 
If A = A’, then p(z) 3 p(F$) 3 K,” (again by (p)). If A’ = 0, IAl = 1, then 
0 = a(A) < IAJ = 1 and p(z) > n + 1 = n + 2 - JAI = Kt (by @)). If A’ = 0, 
IA( > 1, then p(z) = n + 1 3 n + 3 - IA( 3 K,“. Thus, in all cases p(z) 2 K,“. 
Put I&+, = V, U U{Umr,: k < n + 1). The set Vn+l is functionally open, contains 
V,, and is covered by a countable subfamily of y, so (y) holds. 
Choose an arbitrary superstructure %(I+,+,) = % and put F,+I = X \ I!:+, (CYI), then 
(6) will be satisfied. 
As F n+l 2 F2 (for n 2 2), to verify (o) it is enough to establish that p(F2) 2 3. 
Let 5 E X2 \ Xi. Since rf covers X, we have 8, (x) < 1. From the properties of the 
defect now follows that the point x is either Vi-internal or Vi-usual. In the first case 
II: $ F, 2 Fz, and in the second, z E F,; since p(Fl) > 2, cz is contained in the union 
of 722, and since p(z) = 2, b(z) C V2, so 2 E Vt = X \ F2. Thus, 2 $ F2, whence 
p(F2) 3 3. 
Let us verify (p). 
Let J: E Fz and p(z) = n + 1. Then II: is in the body of the family yz+‘. This means 
that either 5 E &+1(V) E yz+‘, or b(s) C_ V E Y~,~+I, therefore, 5 E Vz+l = X\F,,+, 
and z 4 Fz+, . We have proved that p( Fz,, ) 2 n + 2. 
Consider an arbitrary simple set Fk++I. If A C R, then F/-+, C: Ft , and the set F,” is 
simple. Then p(F$+,) 2 p(Fk) 3 Kt = k < n + 1. The family 7: covers F,” by the 
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construction. If z E F,” n Xk, then the point z is V,+t-internal, so z E X \ F,+l. Then 
z $! F:++l, and thus, 
p(F,A,)>k+l=K,A+l=K,A+,. 
Now suppose A $ ii. Then we have the sequence Fk+, C F$ & Ftl, C . . ’ C 
F2ji c . . ., where Ai = A n n - i + 1. Suppose that there exists a first m such that the 
set Fntm is simple. Then p(F,A_“,) 2 KATE = k. Since $_, covers F$&, all points 
from Ft$ n XI, are Vn_m+l- 
If 2 E F,T~ n (X 
internal and are outside of F,-m+l > F,+l > F:+,. 
k+l \ Xk), then the defect of z with respect to l&m+1 does not 
exceed 1. From the properties of the defect follows that either the point 2 is Vn_m+l- 
internal (and then 2 $ Fn_m+l > F$++l), or z is Vn_n+l-usual, and by Proposition 6, 
17: E Fn_m+l. But n - m + 1 E A (by the choice of m), so z +! F&++I. We have proved 
that Ft+, n Xkfl = 0. It follows that p(F:+,) 3 k + 2. 
Two cases are possible: A, = 0 and A, # 0. 
Inthefirstcasewehavek=n-m+1,A=n+1\n-m+1,cr(A)=m-1and 
IAl = m. Hence, at(A) < IAl andp(F:++,) 3 k+2 = n-m+3 = n+l+2-]A] = Kt+,. 
In the second case we have k 3 R - m + 2 - [Ami, furthermore, /A[ = lAml + m; it 
follows that p(FkAl) 3 n - m + 4 + m - (Al = n + 1 + 3 - IAl 3 PC!+,. 
Now suppose such m does not exist. Then F:++l = F,+l \ U{Fi: i 2 n} 5 F,+l, 
IAl = n, a(A) = n- 1 < IAl, andp(F~+,)>3=n+3-n=n+1+2-]AJ=K~+,. 
The property (/3) is checked, and the induction is well-defined. 
Let us now prove that Y = lJ{Vn: n E w+}. Note that for a fixed A we have 
iimn-+oo K," = cc (see (0)). 
We may consider a point z E X as the function z : w+ ---f D = (0, 1) defined by 
the rule: z(n) = 1 if z is V-usual, and z(n) = 0 otherwise. It is easy to see that if 
z(n) # z(n - l), then i3, (z) 3 a,_, (z) - 1. This implies that there exists the first 
number 3 = 3(z) such that the function 2 is constant on the closed interval [3, -+). We 
call 3 the O-number of 2. Let A = {i: z(i) = 0); if A is finite, then A C [I,. . . , m] 
for some m, and then 5 E F,” for all n 3 m. But p(Fk) 2 K,” --+ 00 for n -+ co, so 
p(z) --+ 00, which is impossible. Thus, A is infinite, so z(n) = 0 for n > J(z). 
Let y be an arbitrary point of Y. Since X is a topological Z-basis of &(X), y has 
the unique representation y = C{yizz(y): i < p(y)} where zi(y) E X. Let 3i be the 
O-number of the function xi(y). Put m = max{&: % 6 p(y)}. Then xi(y)(n) = 0 for all 
n 2 m and i < p(y). Consider the set V,. Since the set S = l_{bl/m_(zi(y)): i < p(y)} 
is finite, there exists k such that S C l&(k). Then fbm,,,(xi(y)) = f:,,,(z:i,v,(y)) for 
n > k (because the point xi(y) is V&-specific, see Proposition 5). Since fb,,n = 1 for 
all elements of S, j$%,,(zi (y)) is a constant oi for all n 3 k. It follows that 
f:,,,(Y) = c {Yi&,n (G(Y)): i < p(y)} = c {&: i < p(y)} = c. 
Note that if y’ $! V,, then ft$,n (y’) = -n + -cc at n + co. Hence y E V,. 
The proof of the theorem is complete. 
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